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We improve the well-known scalar curvature pinching theorem due to Peng–Terng for
n (n  5)-dimensional minimal hypersurfaces to the case of arbitrary n. Precisely, if M
is a closed and minimal hypersurface in a unit sphere Sn+1, then there exists a positive
constant δ(n) depending only on n such that if n  S  n + δ(n), then S ≡ n, i.e., M is
a Clifford torus Sk(
√
k
n ) × Sn−k(
√
n−k
n ), k = 1,2, . . . ,n − 1.
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1. Introduction
Let M be an n-dimensional closed minimal hypersurface in an (n + 1)-dimensional unit sphere Sn+1. Let h denote the
second fundamental form of M a symmetric covariant two tensor on M . We denote the squared length of the second
fundamental form h by S . Then S is intrinsic and given by S = n(n − 1) − R where R is the scalar curvature of M . In
particular, S is constant if and only if M has a constant scalar curvature. It is well known that if 0 S  n, then S ≡ 0 or
S ≡ n [11]. The hypersurfaces with S ≡ 0 are the equatorial n-spheres in Sn+1, in [5] and [7] proved independently that the
Clifford torus Sk(
√
k
n )× Sn−k(
√
n−k
n ) is the only minimal hypersurface with S ≡ n. Further discussions in this direction have
been carried out by many other authors [3,4,8,13], etc. On the other hand, many geometers have been interested in the
question whether there are several scalar curvature pinching phenomena for closed minimal hypersurfaces in a unit sphere.
In [9], Peng and Terng proved that if the scalar curvature of M is a constant, then there exists a positive constant α(n)
depending only on n such that if n  S  n + α(n), then S ≡ n. Later Cheng and Yang [2] improved the pinching constant
α(n) to n/3. More general, Peng and Terng [10] obtained an important pinching theorem for minimal hypersurfaces without
the assumption that the scalar curvature is a constant. Precisely, they proved that if M is an n (n  5)-dimensional closed
minimal hypersurface in Sn+1, then there exists a positive constant δ(n) depending only on n such that if n S  n + δ(n),
where δ(n) = 6−1.13n
5+√17 , then S ≡ n. Later Cheng and Ishikawa [3] improved the pinching constant δ(n) (n  5) to δ(3) =
42
85 ,
δ(4) = 831 and δ(5) = 3(21−5
√
17)
28+3√17 . The following problem proposed by Peng and Terng [10] is very attractive.
Open Problem. Let M (n 6) be a closed minimal hypersurface in Sn+1. Does there exist a positive constant δ(n) depending
only on n such that if n S  n + δ(n), then S ≡ n, i.e., M is a Clifford torus Sk(
√
k
n ) × Sn−k(
√
n−k
n ), k = 1,2, . . . ,n − 1?
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Theorem 1.1. Let M be an n-dimensional closed minimal hypersurface in Sn+1 , n = 6,7. Then there exists a positive constant δ(n)
depending only on n such that if n S < n + δ(n), then S ≡ n, i.e., M is a Clifford torus Sk(
√
k
n ) × Sn−k(
√
n−k
n ), k = 1,2, . . . ,n − 1.
Here δ(6) = 176 , δ(7) = 11126 .
Recently Zhang [14] extended the results to n  8 and improved the previous pinching constants. And Qi Ding and
Y.L. Xin [6] obtained that if n 6, then the pinching constant δ(n) = n23 that is better than all previous results for n 7. In
this paper we use Lagrange’s method to study this open problem for the case of arbitrary n and obtain concrete pinching
constant δ(n) = 2(n+4)3n+10 that is better than all previous results for 3< n 15.
Theorem 1.2. Let M be an n-dimensional closed minimal hypersurface in Sn+1 . Then there exists a positive constant δ(n) depending
only on n such that if n  S  n + δ(n), where δ(n) = 2(n+4)3n+10 , then S ≡ n, i.e., M is a Clifford torus Sk(
√
k
n ) × Sn−k(
√
n−k
n ), k =
1,2, . . . ,n − 1.
We have the following result from Theorem 1.2 because 23 < δ(n) = 2(n+4)3n+10 .
Corollary 1.1. Let M be an n-dimensional closed minimal hypersurface in Sn+1 . If n S  n+ 23 , then S ≡ n, i.e., M is a Clifford torus
Sk(
√
k
n ) × Sn−k(
√
n−k
n ), k = 1,2, . . . ,n − 1.
2. Preliminaries
Throughout this paper let M be an n-dimensional closed minimal hypersurface in an (n + 1)-dimensional unit
sphere Sn+1. Choose a local orthonormal frame {e0, e1, . . . , en} in Sn+1 such that, restricted to M , e1, . . . , en are tan-
gent to M . Let {ω0,ω1, . . . ,ωn} denote the dual coframe. We use the following standard convention for indexes: 1 
i, j,k, . . . n.
Let {ωi j} be the connection 1-form of M and {hij} be the second fundamental form on M . Then we have
dωi = −
∑
ωij ∧ω j, ω ji +ωij = 0, (2.1)
dωij = −
∑
ωik ∧ωkj + Ω ij, Ω ij =
1
2
∑
Rijklω
k ∧ωl. (2.2)
The symmetric 2-form h =∑i, j hi jωi ⊗ ω j is called the second fundamental form. And the scalar S = |h|2 =∑i, j(hij)2
and H = 1n
∑
i hii are called the squared length of the second fundamental form and the mean curvature of M respectively.
Denote by hijk,hijkl,hijklm the ﬁrst, second and third covariant derivatives of hij . Then
∇h =
∑
i, j,k
hijkω
i ⊗ω j ⊗ωk, hijk = hikj,
hijkl = hijlk +
∑
m
hmj R
m
ikl +
∑
m
himR
m
jkl,
hijklm = hijkml +
∑
r
hr jkR
r
ilm +
∑
r
hirkR
r
jlm +
∑
r
hi jr R
r
klm. (2.3)
Since M is minimal, we have that H is identically zero. Hence
∑
i
hii j = 0, ∀ j. (2.4)
For an arbitrary ﬁxed point x ∈ M , we take orthonormal frames such that hij = λiδi j for all i, j. Then H = ∑i λi = 0,
S =∑i λ2i . By [5,10] we have
1
2
S = |∇h|2 + S(n − S), (2.5)
1
2

(|∇h|2)= ∣∣∇2h∣∣2 + (2n + 3− S)|∇h|2 + 3(2B − A) − 3
2
|∇ S|2, (2.6)
where |∇h|2 =∑i, j,k h2 , |∇2h|2 =∑i, j,k,l h2 , A =∑i, j,k h2 λ2 and B =∑i, j,k h2 λiλ j .i jk i jkl i jk i i jk
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√
16+p
16 xy, where
p (1 p  n − 2) is an integer:
f1(x, y, z) x2 + 1
2
x2 + 2y2 + 1
2
x2 + 2z2 = 2(x2 + y2 + z2). (2.7)
The maximal eigenvalue of f2(x, y) is
1+√17+p
2 by direct computation. Then we may have
f2(x, y) = x2 − 4
√
16+ p
16
xy  1+
√
17+ p
2
(
x2 + y2). (2.8)
3. Proof of the theorem
The crucial point in our proof is to give a sharper pointwise estimate of 3(A − 2B) in terms of S and |∇h|2.
We may assume that S =∑i λ2i = b > 0 and |∇h|2 =∑i, j,k h2i jk = a > 0. Now we use Lagrange’s method to calculate the
maximum of the function
F = 3
∑
i 
= j h2ii j(λ
2
j − 4λ jλi) +
∑
i 
= j 
=k h2i jk(λ
2
i + λ2j + λ2k − 2λiλ j − 2λ jλk − 2λiλk)
S|∇h|2 (3.1)
under the constraints∑
i
λ2i = b,
∑
i
λi = 0,
|∇h|2 = a.
Let
Φ = F +m1
(∑
i
λ2i − b
)
+m2
∑
i
λi +m3
(|∇h|2 − a).
Obviously, F attains its maximum F (q˙) at some point
q˙ = (λ˙1, . . . , λ˙n, h˙i jk)
and
∂Φ
∂hijk
(q˙) = 0. (3.2)
In order to state our result, we set
U j =
{(
λ˙2j − 4λ˙ j λ˙i
)
h˙ii j
∣∣ (λ˙2j − 4λ˙ j λ˙i)h˙ii j 
= 0, i = 1,2, . . . ,n (i 
= j)}, ∀ j,
and
S j =
∑
i 
= j
h˙2ii j, ∀ j,
where j = 1,2, . . . ,n.
Lemma 1. Let M be an n-dimensional closed minimal hypersurface in Sn+1 . Then∑
i 
= j
3h˙2ii j
(
λ˙2j − 4λ˙ j λ˙i
)+ ∑
i 
= j 
=k
h˙2i jk
(
λ˙2i + λ˙2j + λ˙2k − 2λ˙i λ˙ j − 2λ˙ j λ˙k − 2λ˙i λ˙k
)
 2ab. (3.3)
Proof. At ﬁrst, a direct computation shows that∑
i 
= j 
=k
h˙2i jk
(
λ˙2i + λ˙2j + λ˙2k − 2λ˙i λ˙ j − 2λ˙ j λ˙k − 2λ˙i λ˙k
)= ∑
i 
= j 
=k
h˙2i jk
[
2
(
λ˙2i + λ˙2j + λ˙2k
)− (λ˙i + λ˙ j + λ˙k)2]

∑
2h˙2i jk
(
λ˙2i + λ˙2j + λ˙2k
)
 2
∑
bh˙2i jk = 2b
∑
h˙2i jk. (3.4)i 
= j 
=k i 
= j 
=k i 
= j 
=k
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λ˙21 − 4λ˙1λ˙2 =
16
16+ p
(
x2 − 4
√
16+ p
16
xy
)
 8(1+
√
17+ p)
(16+ p)
(
x2 + y2), (3.5)
where x =
√
16+p
16 λ˙1, y = λ˙2. On the other hand pp+1 8(1+
√
17+p)
(16+p) < 2, then we get
λ˙21 − 4λ˙1λ˙2 =
16
16+ p
(
x2 − 4
√
16+ p
16
xy
)
< 2
p + 1
p
(
x2 + y2). (3.6)
Secondly, for an arbitrary ﬁxed j (= 1,2, . . . ,n) we may ﬁnd
∑
i 
= j
h˙2ii j
(
λ˙2j − 4λ˙ j λ˙i
)
 2bS˙ j, ∀ j. (3.7)
Now we consider two cases separately in order to get (3.7).
(i) There exists at most one entry in the set U j .
(1) If U j = φ, then we have
h˙2ii j
(
λ˙2j − 4λ˙ j λ˙i
)= 0, i (
= j) = 1,2, . . . ,n. (3.8)
Hence we get (3.7).
(2) If there is only one entry in the set U j , without loss of generality, we may suppose that j = 1,
(
λ˙21 − 4λ˙1λ˙2
) 
= 0, (3.9)
h˙221 
= 0, (3.10)
and
(
λ˙21 − 4λ˙1λ˙i
)
h˙ii1 = 0 (i 
= 1,2), (3.11)
then from ∂Φ
∂h221
(q˙) = 0 we have
λ˙21 − 4λ˙1λ˙2
ab
− F (q˙)
a
+m3 = 0.
For any h˙kk1 
= 0, we obtain
h˙kk1
(
− F (q˙)
a
+m3
)
= 0. (3.12)
Therefore h˙111 = 0. Noting (3.10) and (2.4), we have that ∑k 
=1,2 h˙kk1 
= 0. Then there must be some k0 (
= 1,2), such
that h˙k0k01 
= 0. If for some k0 (
= 1,2), such that h˙k0k01 
= 0, then (λ˙21 − 4λ˙1λ˙k0 ) = 0 by (3.11). Without loss of generality, we
may suppose that h˙331, . . . , h˙(p+2)(p+2)1 
= 0 and h˙(p+3)(p+3)1, . . . , h˙nn1 = 0, where p (1 p  n − 2) is an integer. Therefore
we see λ˙1/4 = λ˙3 = · · · = λ˙p+2 
= 0, h˙221 + h˙331 + · · · + h˙(p+2)(p+2)1 = 0 by (2.4) and (3.11). Then
b =
∑
j
λ˙2j 
16+ p
16
λ˙21 + λ˙22 = x2 + y2, (3.13)
S˙1 =
∑
i 
=1
h˙2ii1  h˙2221 + h˙2221/p, (3.14)
where x =
√
16+p
16 λ˙1, y = λ˙2. Together with (3.14), (3.6) and (3.11), we get
∑
i 
=1
h˙2ii1
(
λ˙21 − 4λ˙1λ˙i
)= h˙2221(λ˙21 − 4λ˙1λ˙2)< 2 pp + 1 S˙1
p + 1
p
b 2bS˙1. (3.15)
For any j, the same argument gives (3.7).
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Without loss of generality, we may assume that j = 1 and h˙221(λ˙21 − 4λ˙2λ˙1) 
= 0, h˙331(λ˙21 − 4λ˙3λ˙1) 
= 0. Then ∂Φ∂h221 (q˙) = 0
and ∂Φ
∂h331
(q˙) = 0 imply
λ˙21 − 4λ˙1λ˙2
ab
− F (q˙)
a
+m3 = 0
and
λ˙21 − 4λ˙1λ˙3
ab
− F (q˙)
a
+m3 = 0.
For any h˙ii1(λ˙21 − 4λ˙1λ˙i) 
= 0 (i 
= 1,2,3), from ∂Φ∂hii1 (q˙) = 0 we also have
λ˙21 − 4λ˙1λ˙i
ab
− F (q˙)
a
+m3 = 0. (3.16)
It follows for h˙221(λ˙21 − 4λ˙2λ˙1) 
= 0, h˙331(λ˙21 − 4λ˙3λ˙1) 
= 0, h˙ii1(λ˙21 − 4λ˙1λ˙i) 
= 0 (
= 1,2,3) that
0 
= λ˙21 − 4λ˙1λ˙2 = λ˙21 − 4λ˙1λ˙3 = λ˙21 − 4λ˙1λ˙i =
(
F (q˙)
a
−m3
)
ab. (3.17)
Then
λ˙1λ˙2 = λ˙1λ˙3 
= 0. (3.18)
Therefore from (3.17), (3.18) and (2.7), we can see
∑
i 
=1
h˙2ii1
(
λ˙21 − 4λ˙1λ˙i
)= (λ˙21 − 4λ˙1λ˙2)
∑
i 
=1
h˙2ii1 =
(
λ˙21 − 2λ˙1λ˙2 − 2λ˙1λ˙3
)∑
i 
=1
h˙2ii1
 2
(
λ˙21 + λ˙22 + λ˙23
)∑
i 
=1
h˙2ii1  2bS˙1. (3.19)
For any j, the same argument gives (3.7).
Summarizing (i) and (ii) we have that (3.7) is valid.
At last, adding (3.4) and (3.7) we obtain
∑
i 
= j
3h˙2ii j
(
λ˙2j − 4λ˙ j λ˙i
)+ ∑
i 
= j 
=k
h˙2i jk
(
λ˙2i + λ˙2j + λ˙2k − 2λ˙i λ˙ j − 2λ˙ j λ˙k − 2λ˙i λ˙k
)
 2b
∑
j
3 S˙ j + 2b
∑
i 
= j 
=k
h˙2i jk = 2b
∑
i 
= j
3h˙2ii j + 2b
∑
i 
= j 
=k
h˙2i jk  2ab. (3.20)
Then we get (3.3). 
By Lemma 1 we have
F (q˙) 2ab
ab
= 2. (3.21)
Since F attains its maximum F (q˙) at q˙, we ﬁnd
∑
i 
= j
3h2ii j
(
λ2j − 4λ jλi
)+ ∑
i 
= j 
=k
h2i jk
(
λ2i + λ2j + λ2k − 2λiλ j − 2λ jλk − 2λiλk
)
 2S|∇h|2. (3.22)
Lemma 2. Let M be an n-dimensional closed minimal hypersurface in Sn+1 . Then
3(A − 2B) 2S|∇h|2. (3.23)
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3(A − 2B) = 3
∑
i, j,k
h2i jk
(
λ2i − 2λiλ j
)
=
∑
i, j,k
h2i jk
(
λ2i + λ2j + λ2k − 2λiλ j − 2λ jλk − 2λiλk
)
= −
∑
i
3h2iiiλ
2
i +
∑
i 
= j
3h2ii j
(
λ2j − 4λ jλi
)+ ∑
i 
= j 
=k
h2i jk
(
λ2i + λ2j + λ2k − 2λiλ j − 2λ jλk − 2λiλk
)

∑
i 
= j
3h2ii j
(
λ2j − 4λ jλi
)+ ∑
i 
= j 
=k
h2i jk
(
λ2i + λ2j + λ2k − 2λiλ j − 2λ jλk − 2λiλk
)
 2S|∇h|2.  (3.24)
Proof of Theorem 1.2. Let f3 =∑i λ3i . We can see that f3 is a smooth function in M . The following integral formula (3.25)
can be found in [1, p. 66]:
∫
M
(
S f4 − f 23
)
dM =
∫
M
[
(A − 2B) + S2 + 1
4
|∇ S|2
]
dM. (3.25)
And we need the following result from [3, p. 824]:
∣∣∇2h∣∣2  3
2
(
S f4 − f 23 − 2S2 + nS
)+ 3S(S − n)2
2(n + 4) . (3.26)
According to (3.25), we integrate (3.26)
∫
M
∣∣∇2h∣∣2 dM 
∫
M
{
3
2
[
(A − 2B) − S(S − n) + 1
4
|∇ S|2
]
+ 3S(S − n)
2
2(n + 4)
}
dM. (3.27)
From (2.5) and (2.6), we obtain
∫
M
|∇h|2 dM =
∫
M
[
S(S − n)]dM, (3.28)
−
∫
M
∣∣∇2h∣∣2 dM =
∫
M
[
(2n + 3− S)|∇h|2 + 3(2B − A) − 3
2
|∇ S|2
]
dM. (3.29)
By substituting (3.28) into (3.27), we get
∫
M
∣∣∇2h∣∣2 dM 
∫
M
{
3
2
[
(A − 2B) − |∇h|2 + 1
4
|∇ S|2
]
+ 3S(S − n)
2
2(n + 4)
}
dM. (3.30)
By the above inequality and (3.29), we deduce
∫
M
[
−
(
S − 2n − 3
2
)
|∇h|2 − 3
2
(A − 2B) − 9
8
|∇ S|2 + 3S(S − n)
2
2(n + 4)
]
dM  0. (3.31)
Applying (3.23) to (3.31), we ﬁnd
∫
M
[
−
(
S − 2n − 3
2
)
|∇h|2 − S|∇h|2 − 9
8
|∇ S|2 + 3S(S − n)
2
2(n + 4)
]
dM  0. (3.32)
(2.5) implies
−
∫
M
1
2
|∇ S|2 dM =
∫
M
[
S|∇h|2 + (n − S)S2]dM. (3.33)
According to (3.32) and (3.33), we have
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∫
M
{(
−S + 2n + 3
2
)
|∇h|2 − S|∇h|2 + 9
4
[
S|∇h|2 + (n − S)S2]+ 3S(S − n)2
2(n + 4)
}
dM
=
∫
M
{(
1
4
S + 2n + 3
2
)
|∇h|2 +
[(
−9
4
+ 3
2(n + 4)
)
S − 3n
2(n + 4)
]
S(S − n)
}
dM. (3.34)
Since − 94 + 32(n+4) < 0, it follows from (3.28), (3.34) and the assumption n S  n + δ(n) that
0
∫
M
{(
1
4
S + 2n + 3
2
)
|∇h|2 +
[(
−9
4
+ 3
2(n + 4)
)(
n + δ(n))− 3n
2(n + 4)
]
S(S − n)
}
dM
=
∫
M
1
4
(S − n)|∇h|2 dM  0, (3.35)
where δ(n) = 2(n+4)3n+10 . We ﬁnally conclude∫
M
(S − n)|∇h|2 dM = 0. (3.36)
Since S and |∇h|2 are continuous functions, we have S ≡ n. Then from the result due to Chern, do Carmo and
Kobayashi [5] or Lawson [7], M is a Clifford torus Sk(
√
k
n ) × Sn−k(
√
n−k
n ), k = 1,2, . . . ,n − 1.
We have ﬁnished the proof of Theorem 1.2. 
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